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Abstract
We study a stationary and axisymmetric binary system composed of two identical Kerr black
holes, whose physical parameters satisfy the Smarr thermodynamic formula. Then, we use the
formalism of geometrothermodynamics to show that the spatial distance between the black holes
must be considered as a thermodynamic variable. We investigate the main thermodynamic prop-
erties of the system by using the contact structure of the phase space, which generates the first law
of thermodynamics and the equilibrium conditions. The phase transition structure of the system
is investigated through the curvature singularities of the equilibrium space. It is shown that the
thermodynamic and stability properties and the phase transition structure of the binary system
strongly depend on the distance between the black holes.
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I. INTRODUCTION
One of the main difficulties for understanding the dynamical scenario of two rotating
black holes are the effects produced by multipolar interactions between the sources [1]. This
is the reason why these systems are studied by means of stationary axisymmetric spacetimes
with Kerr type sources. The first work in this direction was published in 1947 and presents
a class of static solutions of the Einstein–Maxwell equations [2, 3]. Later on, these solutions
were generalized to include the stationary case [4] (see also Ref. [5]). However, it was not
until 1973 that a metric was found, which describes two identical Kerr–Newman sources in
equilibrium under their mutual electromagnetic and gravitational forces, with their spins
oppositely oriented along a given axis [6]. In 1998, Varzugin [7] studied a counter-rotating
system of two identical black holes with opposite spin and showed that the interaction
forces are equal compared with two identical Schwarzschild black holes. In recent years, a
3–parametric physical model was found that describes a two black hole system composed
by identical co-rotating Kerr sources separated by a massless strut [1]. The solution is
characterized by the physical parameters [8] mass M , electric charge Q, angular momentum
J , and the distance between the centers of the black holes R.
On the other hand, the thermodynamic aspects of rotating black hole binary systems have
been also studied in [1, 9, 10], using the Smarr formula [11] and the entropy relation proposed
by Bekenstein [12]. An alternative approach consists in using the geometric properties of the
equilibrium space of the system under consideration. In this connection, there are essentially
two methods; the first one, called thermodynamic geometry, consists in introducing into the
equilibrium space Hessian metrics, which depend on the choice of thermodynamic potential
[15, 16], and the second one, called geometrothermodynamics (GTD) [17], uses Legendre
invariant metrics instead, i.e., metrics which do not depend on the choice of thermodynamic
potential.
In this work, we analyze a binary system which is composed of two identical Kerr black
holes. The sources are located along a symmetry axis, which is also the rotational axis of
the black holes, and the entire system is assumed to be stationary. The thermodynamic
properties of the system are investigated by using entirely the formalism of GTD. First, we
consider the contact structure of the phase space which, when projected on the equilibrium
space, leads to the first law of thermodynamics and the equilibrium conditions (equations
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of state). This approach allows us to investigate the behavior of all extensive and intensive
variables from the knowledge of the fundamental equation, which turns out to depend on
the mass, angular momentum and the distance between the centers of the black holes. This
last quantity turns out to be a genuine thermodynamic variable as a result of imposing
the consistency of the fundamental equation in the context of GTD. Then, we use the
thermodynamic curvature of the equilibrium space to determine the curvature singularities
which, according to GTD, represent second order phase transitions. In addition, we show
that the curvature singularities can also be interpreted as phase transitions from the point
of view of classical thermodynamics.
This paper is organized as follows. In section II, we present the main aspects of the black
hole binary system and find the conditions for the existence of horizons. In Sec. III, we
present the metric of the phase space T , which is invariant with respect to total Legendre
transformations and depends on the contact structure of T . Then, in Sec. IIIA, we use the
contact structure of T to study the behavior of the most relevant thermodynamic variables.
Sec. III B is devoted to the study of the metric of the equilibrium space E and the associated
curvature singularities which determine the phase transition structure of the binary system.
Finally, in Sec. IV, we present the conclusions of our work.
II. THE BINARY SYSTEM
The assumption that a binary system is composed of two stationary rotating objects
reduces the complexity of the problem. In addition, one can assume that the system is
located along an axis which coincides with the rotational axis of both compact objects.
These assumptions allows us to investigate the corresponding gravitational field by using
stationary axisymmetric spacetimes, which are described by the line element
ds2 = −f(dt− ωdϕ)2 + f−1 [e2γ(dρ2dz2) + ρ2dϕ2] . (1)
The corresponding vacuum field equations can be written in the Ernst representation as [18]
(E + E¯)(Eρρ + ρ−1Eρ + Ezz) = 2(E2ρ + E2z ) , (2)
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where the bar denotes complex conjugation, the subscripts represent partial derivatives, and
E = f + iΩ with
ωρ = −ρf−2Ωz , ωz = ρf−2Ωρ , (3)
4γρ = ρf
−2(f 2ρ − f 2z + Ω2ρ − Ω2z) , (4)
2γz = ρf
−2(fρfz + ΩρΩz) . (5)
The Ernst equation (2) can be solved by using Sibgatullin’s method [19] which generates
soliton-like solutions from the values of the Ernst potential on the axis of symmetry, i.e.,
E(ρ = 0, z) = e(z). For the binary system composed of two identical Kerr black holes,
the starting Ernst potential on the axis can be chosen as a particular case of the 2-soliton
solution [20]
e(z) =
z2 − 2(M + ia)z + c+ id
z2 − (M − ia)z + c− id , e(z) + e¯(z) = 0 , (6)
where M is the mass, a = J/M is the specific angular momentum,
c = −1
4
R2 + 2M2 − 2a2 − σ2 , (7)
d =
√
(R2 − 4M2 + 4a2)(σ2 −M2 + a2) . (8)
The constant R has been interpreted as the relative distance between the centers of the
black holes and
σ =
√
M2 − J
2(R− 2M)
M2(R + 2M)
. (9)
The Ernst potential for the entire spacetime can be obtained from the Sibgatullin integral
E(ρ, z) = 1
pi
∫
1
−1
µ(ζ)e(ξ)dζ√
1− ζ2 (10)
where the unknown function µ(ζ) satisfies the integral equation
−
∫
1
−1
µ(ζ)[e(ξ)e˜(η)]dζ
(ξ − η)
√
1− ζ2 = 0 , (11)
with the normalization condition
1
pi
∫
1
−1
µ(ζ)dζ√
1− ζ2 = 1 . (12)
Here, ξ = z + iρζ , η = z + iρτ with τ ∈ [−1, 1], e˜(η) = e¯(η¯), and −∫ represents the principal
value integral. The computation of the Ernst potential E and the metric functions f , ω
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and γ is laborious but straightforward. The explicit form of these functions can be written
in several equivalent representations [1, 9, 20]. For the purpose of this work, however, the
explicit form of the metric is not necessary.
An important property of this binary system is that along the axis of symmetry and
between the black holes there exists a singularity, which has been interpreted as correspond-
ing to a massless strut and is responsible for maintaining the black holes apart. This is
the reason why the binary system can be described by means of a stationary spacetime.
Another important characteristic of this binary system is that the parameters of each black
hole satisfy the Smarr formula [11]
M =
κ
4pi
S + 2ΩHJ , (13)
where κ is the surface gravity of the black hole
κ =
R(R + 2M)σ
4
[
M(R + 3M)(R + 2M)(M + σ) + 2J2
] , (14)
S is the entropy
S = 8piM
(
M +
√
M2 − J
2(R− 2M)
M2(R + 2M)
)(
1 +
2M
R
)
, (15)
and ΩH is the angular velocity on the horizon
ΩH =
J(R − 2M)(R + 2M)
2M
[
M(R + 3M)(R + 2M)(M + σ) + 2J2
] . (16)
The Smarr formula has been interpreted as generating the first law of black hole ther-
modynamics [13, 14] in Einstein-Maxwell theory, in which black hole solutions are regular
outside the horizon. In the case of a binary system, the presence of a singularity along
the axis of symmetry seems to be an obstacle for the validity of the Smarr formula and,
consequently, of the first law of thermodynamics. It is, therefore, remarkable that the Smarr
formula holds for each of the constituents of the binary system. Nevertheless, a more de-
tailed analysis is necessary, involving the investigation of the corresponding Euclidean action
and its analytic continuation [14], in order to prove that in the case of a binary system the
Smarr formula leads to a genuine first law of thermodynamics [14]. In this work, we follow an
alternative approach, in which we assume the validity of the Smarr formula in the thermo-
dynamic context and analyze the properties of the binary system from the point of view of
6
geometrothermodynamics. If the resulting thermodynamic system is physically reasonable,
we interpret this as an indication of the thermodynamic validity of the Smarr formula.
Consequently, we assume that the entropy relation (15) represents the fundamental ther-
modynamic equation for the binary system. Notice that the entropy is a well-defined real
function only if the condition
σ2 =M2 − J
2(R− 2M)
M2(R + 2M)
≥ 0 (17)
is satisfied, which is also the condition for the existence of the black hole horizon. For a
fixed value of M and J , there is maximum distance R for which the black system exists.
This behavior is illustrated in Fig. 1.
FIG. 1: Plot of σ2 as a function of the distance R for M = 1 and several values of J . Only the
values included in the positive sector of the graphic are allowed for black hole binary systems.
Since the entropy does not depend on the sign of J , let us consider J > 0 for concreteness.
Then, for J ≤ M2, the function σ2 is always positive definite and the black hole binary
system exists for any values of R. In the limiting case J =M2, the entropy becomes
S(M,R) = 8pi
M2
R
[(√
R + 2M +
√
M
)2
−M2
]
. (18)
For values J > M2, the function σ2 is positive definite only in the interval (cf. Fig. 1)
0 < R ≤ Rmax = 2M(M
4 + J2)
J2 −M4 , (19)
and the entropy at the maximum distance reaches the value
S = 16pi
M2J2
M4 + J2
. (20)
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For larger values of the distance R, the horizon condition is not satisfied and the black
hole binary system cannot exist. Thus, we see that the properties of the binary system
depend not only on the relation between the mass and angular momentum of the rotating
objects, but also on their relative distance. In the limiting case R → ∞, which physically
corresponds to moving one of the black holes to spatial infinity, the entropy (15) coincides
with the fundamental equation of the Kerr black hole, if J ≤M2.
III. GEOMETROTHERMODYNAMIC PROPERTIES
In GTD, as in classical thermodynamics, to describe a thermodynamic system, it is
necessary to know explicitly the corresponding fundamental equation and its behavior with
respect to rescalings of the independent variables. Therefore, we first should establish the
thermodynamic character of the parameters entering the fundamental equation. Indeed, it
has been argued in [21, 22] that to correctly describe the thermodynamic properties of black
holes, it is necessary to impose the condition that the corresponding fundamental equation
be a quasi-homogeneous function. In the case of the function S = S(M,J) given in Eq.(15),
this means that the rescaling M → λβMM and J → λβJJ , where λ and the β’s are real
constants, should satisfy the condition S(λβMM,λβJJ) = λβSS(M,J). It is easy to see that
this condition cannot be satisfied for any values of λ, βM , βJ , and βS. However, if we consider
R also as a thermodynamic variable, which rescales as R → λβRR, the quasi-homogeneity
condition S(λβMM,λβJJ, λβRR) = λβSS(M,J,R) holds if the relationships
βM = βR =
1
2
βJ =
1
2
βS . (21)
are fulfilled.
The above result is important to apply the formalism of GTD in this particular case.
Indeed, since the binary system is described by three extensive variables M , J and R plus
the thermodynamic potential S, the corresponding phase space T is 7-dimensional with
coordinates {S,M, J, R, I1, I2, I3}, where Ia, a = 1, 2, 3 are the intensive variables dual to the
extensive variables Ea = {M,J,R}, respectively. The phase space is a contact Riemannian
manifold (T ,Θ, GII ), where Θ = dS− IadEa is the canonical contact 1-form and the metric
G
II
is invariant with respect to total Legendre transformations and has been especially
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chosen to agree with the quasi-homogeneity property of black holes [21]. Then, we have
G
II
= Θ2 + (βMMI1 + βJJI2 + βRRI3)(−dMdI1 + dJdI2 + dRdI3) , (22)
Θ = dS − I1dM − I2dJ − I3dR . (23)
The equilibrium space E with coordinates {Ea} is defined by means of the smooth em-
bedding map ϕ : E → T , or in coordinates ϕ : {Ea} 7→ {S(Ea), Ea, Ia(Ea)}, such that
ϕ∗(Θ) = 0 . (24)
This condition guarantees that the equilibrium space E is mathematically well defined as a
subspace of the phase space T . Moreover, the assumption that the smooth map ϕ exists,
implies that the fundamental equation S = S(Ea) must be known explicitly.
A. Equilibrium conditions
The vanishing of the contact 1-form Θ on E is an essential condition for the consistent
formulation of GTD. Moreover, it induces the first law of thermodynamics and the equilib-
rium conditions, which must be satisfied on E and determine explicitly the behavior of all
the thermodynamic variables. Indeed, the condition (24) is equivalent to the first law of
black hole thermodynamics, i.e.,
dS =
1
T
dM − ΩH
T
dJ − F
T
dR . (25)
In this way, we identify the intensive variables Ia which are uniquely defined by the equilib-
rium conditions
1
T
=
∂S
∂M
,
ΩH
T
= −∂S
∂J
,
F
T
= −∂S
∂R
, (26)
in terms of the fundamental equation S = S(M,J,R). Here, we have introduced the “force”
F as the dual to the distance R. These expressions allow us to compute the explicit form
of the corresponding intensive variables:
T =
R(R + 2M)σ
16pi
[
M(R + 3M)(R + 2M)(M + σ) + 2J2
] , (27)
ΩH =
J(R− 2M)(R + 2M)
2M
[
M(R + 3M)(R + 2M)(M + σ) + 2J2
] , (28)
F =
M
[
M2(R + 2M)(M + σ) + 2J2
]
R
[
M(R + 3M)(R + 2M)(M + σ) + 2J2
] . (29)
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As before, all these quantities are well defined only if σ > 0. In the limit R → ∞, they all
reduce to the case of a single Kerr black hole:
TK =
σ
16piM(M + σ)
, σ =
(
M2 − J
2
M2
) 1
2
(30)
ΩKH =
J
2M(M2 +
√
M4 − J2) , (31)
FK = 0 . (32)
The behavior of the temperature in terms of the distance R is shown in Fig. 2 for a fixed
value of the mass and different values of the angular momentum. We see that in general the
FIG. 2: Temperature T as a function of R with fixed mass (M = 1) and different values for the
angular momentum.
temperature of the binary system is less than the temperature of a single Kerr black hole
for a fixed value of J . Consequently, in a binary system, the presence of a black hole affects
the properties of its companion by reducing its temperature.
As for the angular velocity, its behavior is illustrated in Fig. 3. The maximum angular
velocity on the horizon for a fixed value of J corresponds to the Kerr limit (R → ∞). As
R decreases, the angular velocity decreases as well, reaching the value ΩH = 0 for R = 2M ,
independently of the value of the angular momentum. From this point backwards the angular
10
FIG. 3: Angular velocity ΩH as a function of R with M = 1 and different values for the angular
momentum.
velocity changes its sign. This remarkable effect is due to presence of the second black hole
at a very short distance.
In Fig. 4, we present the plot of the effective force F as a function of the distance R.
The behavior is very similar for all the values of the angular momentum and all the curves
tend towards zero, which is the limiting value of the Kerr black hole. Moreover, as the
distance between the black holes decreases, the force increases exponentially and diverges
asymptotically for vanishing distances.
B. Phase transitions
Phase transitions are usually associated with severe changes inside the thermodynamic
system, which imply the breakdown of the equilibrium conditions, i.e., during phase tran-
sitions classical equilibrium thermodynamics is not valid anymore. The formalism of GTD
incorporates this fact in an analog way and assumes that a phase transition should corre-
spond to a breakdown of the geometric structure of the equilibrium space E , which occurs
in particular when curvature singularities are present. Therefore, to investigate the phase
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FIG. 4: The force F as a a function of R with M = 1 and different values for the angular
momentum.
transition structure of a thermodynamic system, in GTD we investigate the curvature singu-
larities of the corresponding equilibrium space E . The geometric properties of E are dictated
by the corresponding Riemannian metric g, which is induced canonically by the pullback
ϕ∗(G) = g of the metric G of T . For the particular case of a black hole binary system, the
metric of the phase space is given in Eq.(23) and, consequently, for the equilibrium space
we obtain
g
II
= βSS
(
− ∂
2S
∂M2
dM2 + 2
∂2S
∂J∂R
dJdR +
∂2S
∂J2
dJ2 +
∂2S
∂R2
dR2
)
, (33)
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where S(M,J,R) is the fundamental equation (15) of the binary system, from which the
explicit expressions of the metric components can be written as follows:
g
II
MM = −
16piβSS
σ3M3R(R + 2M)3
[M3(M3 + σ3)(R + 6M)(R + 2M)3
−M2J2(R + 2M)2(20M2 − 8MR− 3R2)− 2R2J4] , (34)
g
II
JR = −
16piβSJS[M
3(R + 2M)2 − 2J2(R− 2M)]
σ3MR2(R + 2M)2
, (35)
g
II
JJ = −
8piβSMS(R− 2M)
σ3R
, (36)
g
II
RR =
32piβSS
σ3MR3(R + 2M)3
[M6(M + σ)(R + 2M)3 + J4(8M2 − 3R2)
+J2M2(R + 2M)2[σ(2M − R) + 4M2 −MR] ] . (37)
The corresponding curvature scalar can be represented as
R
GTD
=
N(M,J,R)
D1D
2
2
D3
3
, (38)
where
D1 = 256βSpi
2σM6(M + σ)3(R + 2M)3 , (39)
D2 =M
3(M3+σ3)(R+6M)(R+2M)3−M2J2(R+2M)2(20M2−8MR−3R2)−2R2J4 , (40)
D3 = (M +σ)M
4(R−2M)(R+2M)3+J2[M2(3R−2M)(R+2M)2−4J2(R−2M)] , (41)
and N(M,J,R) represents the numerator of the curvature scalar. Clearly, the curvature
singularities are determined by the zeros of D2 and D3. For a fixed value of the mass black
hole, the location of these singularities depend on the values of the angular momentum and
the distance. A particular example of this singular behavior is illustrated in Fig. 5.
According to GTD, the black hole binary system undergoes second order phase transitions
at those points of the equilibrium space where any of the conditions D2 = 0 or D3 = 0 are
met. This result is invariant in the sense that it does not depend on the choice of coordinates
because it is based on the analysis of a scalar quantity. On the other hand, in classical
thermodynamics the phase transition structure of a system is determined by the behavior
of the response functions, according to the Ehrenfest scheme, and the stability criteria [23].
However, it has been determined that sometimes the predictions of the Ehrenfest scheme
do not coincide with the observed phase transitions [24]. We believe that the formalism of
GTD with its invariant definition of phase transitions could shed some light on this issue.
Nevertheless, in the case of the binary system under consideration in this work, it is possible
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FIG. 5: Curvature scalar RGTD as a function of the distance between the black holes. The mass
and angular momentum have the fixed values M = 1 and J = 1.1, respectively.
to find a relation between the GTD and the Ehrenfest formalisms. Indeed, consider the heat
capacity
C = T
∂S
∂T
= −
(
∂S
∂M
)2
∂2S
∂M2
, (42)
which is evaluated at constant J and constant R. It is then straightforward to compute
this response function and it turns out that that C ∼ 1/D2, where D2 is the polynomial
defined in Eq.(40). This means that the zeros of D2, which are associated with curvature
singularities in the equilibrium space, correspond to divergencies of the heat capacity as
well. To illustrate the behavior of the heat capacity, we plot a particular case in Fig. 6.
A stability condition which is usually applied in classical thermodynamics relates the
derivatives of the fundamental equation and can expressed as [23]
Sc =
(
∂2S
∂J2
)(
∂2S
∂R2
)
−
(
∂2S
∂J∂R
)2
> 0 . (43)
If Sc happens to be negative, the system is unstable. The points where Sc = 0 are inter-
preted as corresponding to changes in the stability properties of the system and are usually
accompanied by phase transitions. A straightforward computation of this stability condition
for the binary system (15) shows that Sc ∼ D3. In Fig. 6, we illustrate the behavior of S−1c ,
showing a divergence exactly at the point where the first curvature singularity is located.
We thus conclude that the curvature singularities detected with the GTD formalism in the
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FIG. 6: The heat capacity C and stability condition S−1c as functions of R for M = 1, J = 1.1,
which are the same values as in Fig. 5. The divergence of C (S−1c ) coincides with the second
(first) singularity of R
GTD
located at R ≈ 4.52 (R ≈ 1.54). The scale of S−1c has been modified to
visualize the effect near the singularity.
equilibrium space of a black hole binary system correspond to second order phase transitions,
which are accompanied by modifications in the stability properties of the system.
IV. FINAL REMARKS
In this work, we studied a binary system composed of two identical co-rotating Kerr black
holes. It is assumed that the system is stationary and possesses a spatial symmetry with
respect to an axis, which coincides with the rotational axis of the sources. For a fixed value
of the angular momentum, it turns out that the distance between the centers of the sources
determines whether the system is composed of two black holes or two naked singularities.
We limit ourselves to the study of black holes. In this case, the Smarr formula represents a
relationship between the physical parameters, which determine the gravitational field of the
binary system, and we assume that it can be interpreted as determining the fundamental
thermodynamic equation.
We investigate the thermodynamic properties of the system by using entirely the formal-
ism of GTD. First, we impose the condition that the fundamental equation corresponds to
a quasi-homogeneous function of degree different from one. As a consequence, we show that
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the distance R must be considered as a thermodynamic variable. This is an important result
because the presence of R at the thermodynamic level drastically changes the behavior of
the binary system. This also increases the dimensionality of the phase space T , which is
a contact manifold endowed with a Legendre invariant Riemannian metric. This kind of
extended thermodynamics has been investigated very actively in the past years, by con-
sidering the cosmological constant as a thermodynamic variable [25]. In the case analyzed
in this work, the distance R plays the role of additional thermodynamic variable, which is
responsible for increasing the dimensionality of the thermodynamic phase space, leading to
another version of extended thermodynamics.
We use the contact structure of T and its projection on the equilibrium space E , to impose
the first law and the equilibrium conditions from which all the relevant thermodynamic
variables can be obtained. In particular, we study the behavior of the temperature, the
angular velocity on the horizon, and the force which is dual to the distance R. The common
feature is that the presence of an accompanying black hole reduces the temperature and the
angular velocity of the partner and that asymptotically (R → ∞) the system reduces to
that of a single Kerr black hole.
To study the phase transition structure of the binary system, we use the fact that,
according to GTD, the curvature singularities of the equilibrium space correspond to second
order phase transitions. We compute the curvature scalar of the equilibrium space and
show that in general there are two singularities. The existence of the corresponding phase
transitions is corroborated by using the Ehrenfest scheme and the stability condition of
classical thermodynamics. In fact, we show that the first singularity can be interpreted
as due to the breakdown of the stability condition and the second one corresponds to a
divergence at the level of the heat capacity.
Our results show that the binary system of two identical Kerr black holes can be inter-
preted as a thermodynamic system in which the distance between the black holes must be
considered as a thermodynamic variable that strongly affect the physical properties of the
system. We interpret this result also as an indication of the thermodynamic validity of the
Smarr formula in the framework of a binary system.
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